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1. Introduction and terminology
Let t ∈ (0,1) be a ﬁxed number, and let L(t) be the smallest ﬁeld containing the singleton {t}. Throughout the whole
paper (unless explicitly stated otherwise) X will always denote a linear space over the ﬁeld K , where L(t) ⊂ K ⊂ R, and
D ⊂ X will always stand for a non-empty K -convex set i.e. such set that
sD + (1− s)D ⊂ D, s ∈ K ∩ (0,1).
A function f : D →R is said to be
t-convex, if∧
x,y∈D
f
(
tx+ (1− t)y) t f (x) + (1− t) f (y);
t-Wright convex, if∧
x,y∈D
f
(
tx+ (1− t)y)+ f ((1− t)x+ ty) f (x) + f (y); (1)
Jensen convex, if
∧
x,y∈D
f
(
x+ y
2
)
 f (x) + f (y)
2
.
If f : D → R is a function such that − f is t-convex (t-Wright convex, Jensen-convex) then f is called t-concave (t-Wright
concave, Jensen concave), respectively. If, moreover, K = R then f is called convex (Wright convex), if it is t-convex
(t-Wright convex) for all t ∈ [0,1]. It is clear that every convex function is Wright convex and every Wright convex func-
tion is Jensen convex. One can easily observe that every t-convex function is obviously t-Wright convex. The converse is
not true, because every discontinuous additive function is t-Wright convex for every t ∈ (0,1) and cannot be t-convex for
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function is Jensen convex.
The deﬁnition of Wright convexity has been introduced by E.M. Wright in [31] (see also [29]). C.T. Ng [18] characterizes
Wright convex functions in the following way: A function f deﬁned on a convex subset of Rn is Wright convex, if and
only if, it can be represented in the form f = a + F , where a is an additive and F is a convex function (see also [15,21]).
Z. Kominek in [5] extended this result to functions deﬁned on algebraically open subsets of a real linear space. A survey of
other results concerning Wright convex functions may be found in the papers [6,19,20,23].
The connection between t-Wright convex and Jensen convex functions has been investigated in [14]. The authors have
showed that for all rational t ∈ (0,1) and for certain algebraic numbers t-Wright convexity implies Jensen convexity. How-
ever, they have proved that if t is either transcendental or the distance of some of the algebraic (maybe complex) conjugate
of t from 12 is at least
1
2 , then there exists a function which is t-Wright convex but Jensen concave and not Jensen convex.
The other properties of t-Wright convex functions have been investigated by many authors and may be found in [3,14,
16,17,25–27].
Let us recall the following deﬁnitions
Deﬁnition 1. A point x0 ∈ X is said to be algebraically internal (over the ﬁeld K ⊂R) for a set A ⊂ X if∧
y∈X\{0}
∨
εy>0
x0 + λy ∈ A, λ ∈ (−εy, εy) ∩ K .
The set of all algebraically internal points of A (over K ) will be denoted by algintK A.
Deﬁnition 2. We say that f : D →R is a t-Wright aﬃne function if it satisﬁes the following functional equation∧
x,y∈D
f
(
tx+ (1− t)y)+ f ((1− t)x+ ty)= f (x) + f (y).
Obviously, every t-Wright aﬃne function is at the same time t-Wright convex and t-Wright concave.
Theorem 1 below has been proved by K. Lajkó [13] for functions deﬁned on an open interval and was extended in the
paper [24] for functions deﬁned on more general structures.
Theorem 1. Let D ⊂ X be an L(t)-convex set, such that algintL(t)D = ∅. A function f : D →R is a t-Wright aﬃne, if and only if, f has
the form
f (x) = a0 + a1(x) + a2(x, x), x ∈ D,
where a0 ∈ R is a constant, a1 : X → R is an additive function, and a2 : X × X → R is a biadditive and symmetric function and,
moreover,
a2
(
tx, (1− t)x)= 0, x ∈ X .
In the sequel, we will consider the sequences of means Mn,Nn : D × D → D , n ∈N which are deﬁned as follows:
M1(x, y) := M(x, y) = tx+ (1− t)y, N1(x, y) := N(x, y) = (1− t)x+ ty,
Mn+1(x, y) := M
(
Mn(x, y),Nn(x, y)
)
, Nn+1(x, y) := N
(
Mn(x, y),Nn(x, y)
)
.
It is easy to see that Nn(x, y) = Mn(y, x) and Mn(x, x) = Nn(x, x) = x, for all x, y ∈ D , n ∈N, and an easy induction shows
that
Mn(x, y) = snx+ (1− sn)y, Nn(x, y) = (1− sn)x+ sn y,
where sn := (2t−1)n+12 , n ∈N.
Note that, if f : D →R is a t-Wright convex function then for all n ∈N we have
f
(
Mn+1(x, y)
)+ f (Nn+1(x, y)) f (Mn(x, y))+ f (Nn(x, y)), x, y ∈ D.
For an arbitrary point y ∈ D we deﬁne Dy by the formula Dy := D ∩ (2y − D). Observe that s-convexity of D implies
s-convexity of Dy . Moreover, Dy is symmetric with respect to y.
In the paper [26] we have proved the three following theorems, which will be very important in the sequel.
Theorem 2. Let f : D →R be a t-Wright convex function and let g : D →R be a t-Wright concave function. If∧
g(x) f (x),x∈D
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g(x) a(x) f (x), x ∈ D.
Theorem 3. Let f : D →R be a t-Wright convex function, and let y ∈ D be a ﬁxed point. If∧
x∈Dy
(
lim
n→∞
[
f
(
Mn(x,2y − x)
)+ f (Nn(x,2y − x))]> −∞
)
, ()
then the function Ay : Dy →R given by the formula
Ay(x) := lim
n→∞
[
f
(
Mn(x,2y − x)
)+ f (Nn(x,2y − x))]
is t-Wright aﬃne. If, moreover, the point y ∈ algintL(t)D, then the function Ay is well deﬁned and t-Wright aﬃne on the whole space X.
Theorem 4. Let f : D →R be a t-Wright convex function and let y ∈ D be a ﬁxed point. Then, the existence of a function ay : Dy →R
satisfying conditions
(i) ay(tx+ (1− t)z) + ay((1− t)x+ tz) = ay(x) + ay(z), x, z ∈ Dy,
(ii) ay(x) f (x), x ∈ Dy,
(iii) ay(y) = f (y),
is equivalent to the following condition∧
x∈Dy
(
lim
n→∞
[
f
(
Mn(x,2y − x)
)+ f (Nn(x,2y − x))]> −∞
)
. ()
If () holds true and, moreover, y ∈ algintL(t)D then the function ay can be extended to the function fulﬁlling conditions (i)–(iii) on the
whole set D.
Remark 1. It follows from the proof of Theorem 4 (see [26]) that, moreover, the support function ay obtained in this theorem
fulﬁlls the following inequality∧
x∈Dy
lim
n→∞
[
f
(
Mn(x,2y − x)
)+ f (Nn(x,2y − x))]− f (2y − x) ay(x).
The aim of the present paper is to characterize some subclasses of the class of all t-Wright convex functions. As con-
sequences of the above theorems we give necessary and suﬃcient conditions under which an arbitrary t-Wright convex
function is Jensen convex, Wright convex, and has a representation f = a + g , where g is a Jensen convex and a is a
t-Wright aﬃne function.
2. Results
2.1. Connection between t-Wright convexity and Jensen convexity
We start with the following observation
Observation 1. Let f : D →R be a t-Wright convex function and y ∈ algintL(t)D. If∧
x∈Dy
(
lim
n→∞
[
f
(
Mn(x,2y − x)
)+ f (Nn(x,2y − x))]> −∞
)
()
then the function Ay : X →R given by the formula
Ay(x) := lim
n→∞
[
f
(
Mn(x,2y − x)
)+ f (Nn(x,2y − x))]
is well deﬁned and has the form
Ay(x) = 2 f (y) + a2(y − x, y − x), x ∈ X, (2)
where a2 : X × X →R is a biadditive and symmetric function.
Proof. Directly by the deﬁnition of Ay we have
(i) Ay(y) = 2 f (y),
(ii) Ay(x) = Ay(2y − x), x ∈ X .
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function a1 : X →R, and a biadditive and symmetric function a2 : X × X →R such that
Ay(x) = a0 + a1(x) + a2(x, x), x ∈ X .
From the condition (ii) we conclude that
a1(x) = a1(y) + 2a2(y, y) − 2a2(x, y), x ∈ X . (3)
Setting x = 0 in (3) we get
a1(y) = −2a2(y, y). (4)
On the other hand, because
Ay(y) = 2 f (y),
then
2 f (y) = a0 + a1(y) + a2(y, y)
= a0 − 2a2(y, y) + a2(y, y)
= a0 − a2(y, y),
or, equivalently,
a0 = 2 f (y) + a2(y, y).
By (3) and (4) we obtain
a1(x) = −2a2(x, y), x ∈ X .
Whence
Ay(x) = a0 + a1(x) + a2(x, x)
= 2 f (y) + a2(y, y) − 2a2(x, y) + a2(x, x)
= 2 f (y) + a2(y − x, y − x), x ∈ X . 
Theorem 5. Let D ⊂ X be an algebraically open set i.e. D = algintL(t)D, and let f : D → R be a t-Wright convex function. The
function f is Jensen convex, if and only if, for an arbitrary point y ∈ D there exists a set U y ⊂ D symmetric with respect to y such that
y ∈ algintL(t)U y, and the function
“U y 	 x −→ f (x) + f (2y − x)”
is bounded below.
Proof. If f is a Jensen convex function then we put U y := D ∩ (2y − D). It is obvious that the set U y is symmetric with
respect to y and y ∈ algintL(t)U y , moreover,∧
x∈U y
2 f (y) f (x) + f (2y − x).
Conversely, let y ∈ D be an arbitrary ﬁxed point and suppose that there exists a set U y ⊂ D symmetric with respect to y
such that y ∈ algintL(t)U y , and∨
c∈R
∧
x∈U y
c  f (x) + f (2y − x).
By Theorem 3 the function Ay : X →R given by the formula
Ay(x) := lim
n→∞
[
f
(
Mn(x,2y − x)
)+ f (Nn(x,2y − x))]
is t-Wright aﬃne and bounded below by c, moreover,
Ay(y) = 2 f (y),
Ay(x) f (x) + f (2y − x), x ∈ Dy .
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Ay(x) = 2 f (y) + a2(y − x, y − x), x ∈ X .
We will show that∧
x∈X
2Ay(y) Ay(x) + Ay(2y − x).
It is easy to see that the above inequality is equivalent to the following one
0 a2(y − x, y − x), x ∈ X .
By our assumption and deﬁnition of Ay we get∧
x∈X
c  Ay(x),
whence by (2)∧
x∈X
c − 2 f (y) a2(y − x, y − x).
Putting x := y − z we obtain∧
z∈X
c − 2 f (y) a2(z, z).
Let us observe that in fact∧
z∈X
0 a2(z, z).
Supposing the contrary that a2(z0, z0) < 0 for some point z0 ∈ X and putting αz0 instead of z0, for α ∈Q \ {0} we get
c − 2 f (y) a2(αz0,αz0) = α2a2(z0, z0) < 0.
Letting α → ∞ we obtain hence
c − 2 f (y) = −∞,
which is a contradiction. Now, we will proceed to the proof that f is Jensen convex. To this aim take an arbitrary α,β ∈ D
and put γ := α+β2 , obviously, α,β ∈ Dγ := D∩(2γ −D). By the ﬁrst part of the proof we know that the function Aγ : X →R
given by the formula
Aγ (x) = lim
n→∞
[
f
(
Mn(x,2γ − x)
)+ f (Nn(x,2γ − x))]
is well deﬁned, t-Wright aﬃne, moreover,
(i) Aγ (γ ) = 2 f (γ ),
(ii) Aγ (x) f (x) + f (2γ − x), x ∈ Dγ ,
(iii) 2Aγ (γ ) Aγ (x) + Aγ (2γ − x), x ∈ X .
Thus it follows from (i)–(iii) that
4 f
(
α + β
2
)
= 4 f (γ ) = 2Aγ (γ ) Aγ (α) + Aγ (2γ − α)
= 2Aγ (α) 2
[
f (α) + f (2γ − α)]
= 2[ f (α) + f (β)],
consequently,
2 f
(
α + β
2
)
 f (α) + f (β).
Due to the arbitrariness of α,β ∈ D we infer that f is Jensen convex. 
From Theorem 5 we derive the following
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a function Φ : D →R such that
∧
x,y∈D
2Φ
(
x+ y
2
)
 f (x) + f (y).
Proof. If f is a Jensen convex function, then it is enough to put Φ := f . Conversely, take an arbitrary y ∈ D . Obviously
y ∈ algintL(t)Dy , where Dy = D ∩ (2y − D), and we have∧
x∈Dy
2Φ(y) f (x) + f (2y − x).
Our theorem results now from Theorem 5. 
As a particular case of the above theorem we obtain
Corollary 1. Let D = algintL(t)D, and let f : D →R be a t-Wright convex function. The function f is Jensen convex, if and only if, there
exists a Jensen convex function g : D →R such that
g(x) f (x), x ∈ D.
The next consequence of Theorem 5 is the following
Theorem 7. Let X be a real linear topological space, D ⊂ X be a convex and open set, and let f : D →R be a t-Wright convex function.
If f is locally bounded below at every point x ∈ D then it is Jensen convex.
In the paper [27] we have proved the following
Theorem 8. Let X be a locally-convex, real linear topological space, D ⊂ X be a convex and open set, and let f : D →R be a t-Wright
convex function. If f is locally bounded below at a point x0 ∈ D, then it is locally bounded below at every point x ∈ D.
As an immediate consequence of Theorems 7 and 8 we obtain
Theorem 9. Let X, D, f be as in Theorem 8. If f is locally bounded below at a point x0 ∈ D then it is Jensen convex.
Example 1 below shows that a t-Wright convex function satisfying assumptions from Theorems 1–5 must not be a
t-convex.
Example 1. Let s, t ∈ (0,1), t < s be transcendental numbers. There exists (see [10, p. 106]) a discontinuous additive function
a :R→R such that
a(tx) = sa(x), x ∈R.
Let us deﬁne a function f :R→ [0,∞) by the formula
f (x) := ∣∣a(x)∣∣, x ∈R.
Observe that, because for all x, y ∈R we have
f
(
tx+ (1− t)y)+ f ((1− t)x+ ty)= ∣∣a(tx+ (1− t)y)∣∣+ ∣∣a((1− t)x+ ty)∣∣

∣∣a(tx)∣∣+ ∣∣a((1− t)y)∣∣+ ∣∣a((1− t)x)∣∣+ ∣∣a(ty)∣∣
= s∣∣a(x)∣∣+ (1− s)∣∣a(y)∣∣+ (1− s)∣∣a(x)∣∣+ s∣∣a(y)∣∣
= ∣∣a(x)∣∣+ ∣∣a(y)∣∣= f (x) + f (y),
then f is t-Wright convex, and by one of Theorems 5–9 also convex in the sense of Jensen. On the other hand, if we take
y ∈ ker(a) and x /∈ ker(a), then
f
(
tx+ (1− t)y)= ∣∣a(tx)∣∣= s∣∣a(x)∣∣> t∣∣a(x)∣∣= t f (x) + (1− t) f (y).
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The following theorem below shows that the condition () characterizes a class of t-Wright convex functions which are
a sum of Jensen convex and t-Wright aﬃne function.
Theorem 10. Let D ⊂ X be an algebraically open set i.e. D = algintL(t)D, and let f : D →R be a t-Wright convex function. Then there
exists a point y ∈ D such that∧
x∈Dy
(
lim
n→∞
[
f
(
Mn(x,2y − x)
)+ f (Nn(x,2y − x))]> −∞
)
, ()
if and only if, f has the form
f (x) = a(x) + g(x), x ∈ D; (5)
where a : D →R is a t-Wright aﬃne function, and g : D →R is a Jensen convex function.
Proof. Assume that f has the form (5), where a : D → R is a t-Wright aﬃne function, and g : D → R is a Jensen convex.
Fix an arbitrary point y ∈ D . For every x ∈ Dy and n ∈N we have
a(x) + a(2y − x) + 2g(y) a(Mn(x,2y − x))+ a(Nn(x,2y − x))+ g(Mn(x,2y − x))+ g(Nn(x,2y − x))
= f (Mn(x,2y − x))+ f (Nn(x,2y − x)),
hence,
−∞ < a(x) + a(2y − x) + 2g(y) lim
n→∞
[
f
(
Mn(x,2y − x)
)+ f (Nn(x,2y − x))].
Now, suppose that f satisﬁes the condition () for some point y ∈ D . By Theorem 4 there exists a t-Wright aﬃne function
ay : D →R such that
ay(x) f (x), x ∈ D.
Clearly a function g : D →R given by the formula
g(x) := f (x) − ay(x)
is a t-Wright convex function, moreover,∧
x∈D
g(x) 0.
According to Theorem 5 we infer that g is Jensen convex, which ﬁnishes the proof. 
Theorem 11. Let D ⊂ X be an algebraically open set (i.e. D = algintL(t)D), and let f : D → R be a t-Wright convex function, g :
D →R a t-Wright concave function. If∧
x∈D
g(x) f (x),
then there exist a t-Wright aﬃne function a : D →R, a Jensen convex function F : D →R, and a Jensen concave function G : D →R
such that
f (x) = a(x) + F (x) and g(x) = a(x) + G(x), x ∈ D. (6)
Proof. On account of Theorem 2 there exists a t-Wright aﬃne function a : D →R such that
g(x) a(x) f (x), x ∈ D.
Let us deﬁne functions F ,G : D →R by the formula
F (x) := f (x) − a(x), x ∈ D and G(x) := g(x) − a(x), x ∈ D.
It is easily seen that F is a t-Wright convex and G is a t-Wright concave. Moreover,∧
x∈D
F (x) 0, and
∧
x∈D
G(x) 0.
Therefore by Theorem 5 F and −G are Jensen convex and (6) holds true. This completes the proof of our theorem. 
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The following Theorem 12 gives necessary and suﬃcient conditions under which every t-Wright convex function is
Wright convex.
Theorem 12. Let X be a real linear space, D ⊂ X be a convex set such that D = algintRD, and let f : D → R be a t-Wright convex
function. The following conditions are equivalent
(i) f is a Wright convex function;
(ii) there exist an additive function a : X →R, and a convex function w : D →R such that
f (x) = a(x) + w(x), x ∈ D;
(iii)
∧
x,y∈D
lim
λ→ 12
[
f
(
λx+ (1− λ)y)+ f ((1− λ)x+ λy)]= 2 f
(
x+ y
2
)
;
(iv) there exists a function Φ : D → [0,∞) such that
∧
x,y∈D
∨
λxy∈(0, 12 )
∧
λ∈( 12−λxy , 12+λxy)
∣∣ f (λx+ (1− λ)y)+ f ((1− λ)x+ λy)∣∣ 2Φ
(
x+ y
2
)
. (7)
Proof. Obviously by the theorem of Kominek [5] (see also Ng [18] and Nikodem [21]) conditions (i) and (ii) are equivalent.
Assume that (ii) is fulﬁlled. Fix an arbitrary x, y ∈ D . Using the additivity of a and the convexity of w , we get
lim
λ→ 12
[
f
(
λx+ (1− λ)y)+ f ((1− λ)x+ λy)]= lim
λ→ 12
[
w
(
λx+ (1− λ)y)+ w((1− λ)x+ λy)]
+ lim
λ→ 12
[
a
(
λx+ (1− λ)y)+ a((1− λ)x+ λy)]
= lim
λ→ 12
[
w
(
λx+ (1− λ)y)+ lim
λ→ 12
w
(
(1− λ)x+ λy)]+ a(x+ y)
= 2w
(
x+ y
2
)
+ 2a
(
x+ y
2
)
= 2 f
(
x+ y
2
)
,
and hence condition (iii) is fulﬁlled. Now, assume that f satisﬁes (iii). Fix an ε > 0 arbitrary. Deﬁne a function Φ : D →
[0,∞) by the formula
Φ(x) := ∣∣ f (x)∣∣+ 1
2
ε.
By assumption
∧
x,y∈D
∨
λxy∈(0, 12 )
∧
λ∈( 12−λxy , 12+λxy)
∣∣∣∣ f (λx+ (1− λ)y)+ f ((1− λ)x+ λy)− 2 f
(
x+ y
2
)∣∣∣∣< ε
or, equivalently,
2 f
(
x+ y
2
)
− ε < f (λx+ (1− λ)y)+ f ((1− λ)x+ λy)< 2 f
(
x+ y
2
)
+ ε,
and this implies that
∣∣ f (λx+ (1− λ)y)+ f ((1− λ)x+ λy)∣∣< 2Φ
(
x+ y
2
)
.
Assume that (iv) is fulﬁlled. Let us observe that f is a Jensen convex function. Indeed, putting U y := D ∩ (2y − D) we infer
that for all x ∈ U y there exists λx,2y−x ∈ (0, 12 ) such that (7) holds. In particular,
∧
x∈U y
∨
n(x)∈N
∧
nn(x)
(2t − 1)n + 1
2
,
1− (2t − 1)n
2
∈
(
1
2
− λx,2y−x, 1
2
+ λx,2y−x
)
,
hence ∧
x∈U
∧
nn(x)
2Φ(y) f
(
Mn(x,2y − x)
)+ f (Nn(x,2y − x)) f (x) + f (2y − x).
y
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there exists a Jensen aﬃne function g : D →R such that g  f and g(x0) = f (x0). It follows from the extension theorem of
Ger [2] that g is of the form
g(x) = a(x) + b, x ∈ X,
where a : X →R is an additive function and b ∈R is a constant. Put
w(x) := f (x) − a(x), x ∈ D.
We will show that w is a convex function. To see this ﬁx arbitrary points x, y ∈ D . By (iv) there exists λx,y ∈ (0, 12 ) such
that (7) holds. Let λ ∈ ( 12 − λx,y, 12 + λx,y) be arbitrary. By (iv) and additivity of a we obtain
w
(
λx+ (1− λ)y)= f (λx+ (1− λ)y)− a(λx+ (1− λ)y)
= f (λx+ (1− λ)y)− [a(x+ y) − a((1− λ)x+ λy)]
= f (λx+ (1− λ)y)+ g((1− λ)x+ λy)− g(x+ y)
 f
(
λx+ (1− λ)y)+ f ((1− λ)x+ λy)− g(x+ y)
= f (λx+ (1− λ)y)+ f ((1− λ)x+ λy)− 2g
(
x+ y
2
)
 2
[
Φ
(
x+ y
2
)
− g
(
x+ y
2
)]
.
One can see that a function w : [0,1] →R given by the formula
w(λ) := w(λx+ (1− λ)y)
is Jensen convex and, as we know, bounded from above on ( 12 − λx,y, 12 + λx,y). Thus, by the famous Bernstein–Doetsch
theorem (see [1]) w is continuous, and hence convex on [0,1]. Therefore we get that
w(λ) λw(1) + (1− λ)w(0),
or, in the equivalent form,
w
(
λx+ (1− λ)y) λw(x) + (1− λ)w(y).
This proves the convexity of w and ﬁnishes the proof. 
In the paper [7,11] the authors have investigated the following class of functions
W0 :=
{
f : D →R: f (x) = a(x) + w(x); where a : X →R is an additive function,
and w : D →R is continuous and convex}.
In the case where X is a ﬁnite dimensional real linear space then the class of such functions coincides with the class of
Wright convex functions. But in general this is not true (see [4]). The following theorem gives a characterization of t-Wright
convex functions which belong to W0.
Theorem 13. Let X be a real linear topological space, D ⊂ X be a convex set, such that D = algintRD, and let f : D →R be a t-Wright
convex function. The following conditions are equivalent
(i) f (x) = a(x) + w(x), x ∈ D;
where a : X →R is an additive function, w : D →R convex and continuous;
(ii)
∨
y∈D
lim
x→y
[
f (x) + f (2y − x)]= 2 f (y);
(iii) there exist a point y ∈ D and a set U y symmetric with respect to y such that y ∈ algintRU y and a mapping
“U y 	 x −→ f (x) + f (2y − x)”
is bounded.
282 A. Olbrys´ / J. Math. Anal. Appl. 384 (2011) 273–283Proof. Let f : D →R be a function fulﬁlling condition (i). By assumption
f (x) = a(x) + w(x), x ∈ D;
where a : X → R is an additive function, w : D → R is continuous and convex. Fix an arbitrary point y ∈ D . By additivity
of a and continuity of w we have
lim
x→y
[
f (x) + f (2y − x)]= lim
x→y
[
a(x) + a(2y − x) + w(x) + w(2y − x)]
= 2a(y) + lim
x→y
[
w(x) + w(2y − x)]
= 2a(y) + 2w(y) = 2 f (y).
Implication (ii) ⇒ (iii) is obvious. Now, assume that (iii) is fulﬁlled. Observe that, in particular∧
x∈Dy
lim
n→∞
[
f
(
Mn(x,2y − x)
)+ f (Nn(x,2y − x))]> −∞,
where Dy = D ∩ (2y − D). On account of the proof of Theorem 10 we infer that f has the form
f (x) = g(x) + ay(x), x ∈ D,
where g : D →R is a Jensen convex function, ay : D →R is a t-Wright aﬃne support function. By Theorem 1 there exist a
biadditive and symmetric function a2 : X × X →R, an additive function a1 : X →R and a constant a0 ∈R such that
ay(x) = a0 + a1(x) + a2(x, x), x ∈ D,
and moreover,
a2
(
tx, (1− t)x)= 0, x ∈ X .
Put
w(x) := g(x) + a0, x ∈ D.
By (iii)∨
M>0
∧
x∈U y
∣∣ f (x) + f (2y − x)∣∣ M.
Hence and by Remark 1 for all x ∈ U y we get
a0  w(x) = f (x) − ay(x) + a0
 f (x) + f (2y − x) − lim
n→∞
[
f
(
Mn(x,2y − x)
)+ f (Nn(x,2y − x))]+ a0
 4M + a0,
then w is a Jensen convex function bounded above on U y , so by a generalized version of a Bernstein–Doetsch theorem
(see [4]) continuous and convex. To the end of the proof it is enough to show that
a2(x, x) = 0, x ∈ X .
Because
a2(x, x) + a2(2y − x,2y − x) = f (x) + f (2y − x) − w(x) − w(2y − x) − a1(x) − a1(2y − x),
then there exist a number K > 0 and a set U ′y ⊂ U y symmetric with respect to y such that y ∈ algintRU ′y , and∧
x∈U ′y
∣∣a2(x, x) + a2(2y − x,2y − x)∣∣ K ,
or, in the equivalent form (putting z := y − x)∧
z∈U0
∣∣2a2(z, z) + 2a2(y, y)∣∣= ∣∣a2(y − z, y − z) + a2(y + z, y + z)∣∣ K ,
where U0 := y − U ′y is a neighborhood of zero. Hence∨
K ′>0
∧
z∈U0
∣∣a2(z, z)∣∣ K ′,
then a2 is bounded on an open set U0 and therefore continuous [8], which means that
t(1− t)a2(x, x) = a2
(
tx, (1− t)x)= 0, x ∈ X,
and ﬁnishes the proof of our theorem. 
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